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We demonstrate theoretically that by applying an in-plane electric field it is possible to engineer and tune
photon cascades originating from recombination of multiexciton complexes confined in self-assembled quan-
tum dots. We find the multiexciton energies and states as functions of the field using the effective-mass
configuration-interaction approach with the effects of electron-hole exchange treated perturbatively, and use
Fermi’s golden rule to compute the emission spectra. We show that the field-induced Stark shift of the energies
of photons emitted by the biexciton and two linearly polarized excitons is strongly renormalized by the
electron-hole interactions, which are governed by the separation of electrons and holes induced by the field. As
a result, the effective Stark shifts of exciton and biexciton emission lines have opposite signs, leading to a
removal of the biexciton binding energy at a finite field. This enables the cascade of a pair of polarization
entangled photons in the presence of a finite exciton anisotropic exchange splitting. We compare these emission
spectra to those of the charged exciton, the triplet biexciton, and the three-exciton complex. We find that the
electric field and Coulomb interactions differentiate the biexciton-exciton cascade from other cascades, facili-
tating identification of its spectra and practical implementation.
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I. INTRODUCTION

There is currently a great deal of interest in using self-
assembled quantum dots �SADs� as optically active media
for generation of single photons,1–7 entangled photon
pairs,1,8–10 quantum repeaters,11 and in optic-based quantum
computing.12–14 The SADs are quasi-two-dimensional struc-
tures which strongly confine both electrons and holes in the
growth direction. The lateral confinement, on the other hand,
is typically softer, resulting in atomiclike single-particle en-
ergy shells.15–17 Application of a vertical electric field allows
one to control the single-dot properties, such as the total
charge18 and the field-induced Stark shift,19,20 as well as the
tunneling in vertically coupled double quantum-dot
molecules.21–25 However, only a lateral electric field allows
one to tune and engineer the properties of quantum dots re-
lated to their shell structure and Coulomb interactions. It has
been shown that the lateral field allows one to tune the fine
structure of the excitonic emission spectrum,26–28 the effi-
ciency of the radiative recombination of carriers, and the
total confined charge29 while modifying the interplay of the
single-particle confinement and interaction effects to produce
the anomalous excitonic Stark effect.30–32 The splitting of the
excitonic emission spectrum due to the anisotropic exchange
interaction is an important impediment to the generation of
entangled photon pairs from the biexciton-exciton
cascade.2,8,9,26,27

Here we show that the lateral electric field can be used to
control the multiexciton photon cascade in a single SAD. We
focus on the biexciton-exciton cascade and show that this
allows a source of entangled photon pairs to be engineered
even for anisotropic dots with two linearly polarized exci-
tonic emission states. To demonstrate this, we approximate
the SAD confinement for electrons and holes with a two-
dimensional parabolic confinement and compute the energies

and states of the multiexcitons using the configuration-
interaction approach with the electron-hole exchange effects
treated perturbatively. Once the many-exciton states are de-
rived, we utilize Fermi’s golden rule to calculate the emis-
sion spectra.

Application of an in-plane electric field introduces a dis-
placement of the electronic potential with respect to that of
the hole. As a result, the electron-hole interactions diminish
as a consequence of the field-induced separation of charges.
The reduction in electron-hole attraction introduces a blue-
shifting term into the energy of the exciton, which partially
compensates for the Stark redshift of the single-particle elec-
tron and hole energies. This compensation is even stronger in
the energy of the biexciton. In consequence, the emission
spectra of two linearly polarized single excitons exhibit only
a weak redshift, while the biexciton emission blueshifts with
the increase in the field. At a finite field the biexciton binding
energy is removed, and the emission peaks corresponding to
photons emitted by the biexciton and the exciton cross even
in the presence of the anisotropic exchange splitting brought
about by the electron-hole exchange. This sets up a condition
in which a pair of polarization entangled photons can be
emitted.

As already mentioned, application of the electric field
may change the charge state of the dot. Also, the field-
induced separation of carriers leads to a reduction in the
radiative recombination rate, which increases the probability
of generation of higher-order multiexciton complexes. By
comparing the emission spectra of the exciton and biexciton
to those of the charged exciton, the triplet biexciton and the
three-exciton complex, we show that the electric field and
Coulomb interactions differentiate the biexciton-exciton cas-
cade from other cascades. This facilitates identification of the
spectra and practical implementation.

The paper is organized as follows. In Sec. II we describe
the model and the computational procedure. In Sec. III we
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discuss in detail the exciton and biexciton cascade as a func-
tion of the lateral electric field. In Sec. IV we present a
comparison of this cascade to the emission spectra of
charged excitons and other multiexciton complexes, and in
Sec. V we give a summary of our results.

II. MODEL

A. Single-particle states

Recent magnetophotoluminescence experiments17 show
that the lateral confinement of the SAD can be well approxi-
mated by a two-dimensional harmonic oscillator �HO� poten-
tial. In the following we assume that this potential is acting

in the x-y plane, and the external electric field F� =Fx̂ is di-
rected along the x axis. The profile of this confinement along
the field direction is shown schematically in Fig. 1�a�, with
the upper and lower parabolas representing the electron and
hole potentials, respectively. The Hamiltonian of an electron
with the effective mass me

� and charge �−e� in such a dis-
placed HO potential takes the form

Ĥe = −
�2

2me
�� +

1

2
me

��e
2��x −

eF

me
��e

2�2

+ y2� −
1

2me
�� eF

�e
�2

,

�1�

where ��e is the characteristic HO energy. The electric field
displaces the origin of the potential by x0

e = +eF /me
��e

2. The
eigenstates of this Hamiltonian are the displaced HO states
�ne ,me ,�e�, where ne ,me=0,1 , . . . are the HO quantum num-
bers, and �e= �1 /2 �or ↑ ,↓� is the electron spin. Due to the
separability of Hamiltonian �1�, the wave functions are
simple products of one-dimensional HO states, 	r �ne ,me�
=�ne

�x−x0
e��me

�y�. The corresponding single-particle
eigenenergies, Ee�ne ,me�=��e�ne+me+1�−ES

e, are repre-
sented by bars within the upper parabola in Fig. 1�a�. The
electric field introduces a Stark shift ES

e = 1
2me

� � eF
�e

�2 of HO en-
ergies but without changing the energy ��e. As a conse-
quence, for any F, the single-particle spectra consist of
equally spaced shells �s, p, d, etc.� with increasing degen-
eracy. The shell structure is not changed by the symmetry
breaking introduced by the field, a rather counterintuitive
result. The electric-field dependence of the single-particle en-
ergies is plotted in Fig. 1�b�.

In our treatment of holes we neglect the valence subband
mixing effects and write the single-hole Hamiltonian in the
form analogous to Eq. �1�, only scaled with the heavy-hole
effective mass mh

� and charge �+e�, and the hole characteris-
tic HO energy ��h. Due to the opposite charge, the electric
field displaces the origin of the hole confinement in the di-
rection opposite to that of the electron, x0

h=−eF /mh
��h

2. The
displaced HO hole eigenstates �nh ,mh ,�h� are labeled by the
heavy-hole spin �h= �3 /2 �or ⇑ ,⇓�, and the corresponding
single-particle energies Eh�nh ,mh�=��h�nh+mh+1�−ES

h ex-
hibit a Stark shift of ES

h= 1
2mh

� � eF
�h

�2. The dependence of these
energies on the electric field is qualitatively similar to that of
the electrons, as shown in Fig. 1�b�.

In the following we express all energies in units of the
electronic effective Rydberg, R=me

�e4 /2�2�2, and all lengths
in units of the electronic effective Bohr radius, aB
=��2 /me

�e2, where � is the dielectric constant of the material.
With me

�=0.055 m0 and �=12.4 we have R=4.867 meV
and aB=11.93 nm. In these dimensionless units the elec-
tronic oscillator length is �e=1 /
�e and the separation of the
origins of the electron and hole confinements is �x=x0

e −x0
h

=2
eF�e

2aB

R � 1
�e

+ 1
�h

�. For our model calculations we take �e

=2.466R �i.e., ��e=�eR=12 meV� and �h=1.233R �i.e.,
��h=6 meV�, and the heavy-hole effective mass mh

�

=0.11 m0.

B. Many-body Hamiltonian

We populate the single-particle states with Ne electrons
and Nh holes. Denoting the creation �annihilation� operator
of an electron on state i��ne ,me ,�e
 by ci

+ �ci� and the
analogous pair of operators for the hole by hi

+ �hi�, we write
the Hamiltonian of the interacting electron-hole system as

E
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FIG. 1. �Color online� Fundamental properties of the quantum
dot in a lateral electric field. �a� Schematic picture of the system. �b�
Energies of the single-particle states of an electron as a function of
the field. �c� Fundamental Coulomb matrix elements V0

ee, V0
hh, and

V0
eh as functions of the field.

KORKUSINSKI et al. PHYSICAL REVIEW B 79, 035309 �2009�

035309-2



Ĥ = �
i

Ei
eci

+ci + �
i

Ei
hhi

+hi +
1

2�
ijkl

	ij�Vee�kl�ci
+cj

+ckcl

+
1

2�
ijkl

	ij�Vhh�kl�hi
+hj

+hkhl − �
ijkl

	ij�Veh�kl�ci
+hj

+hkcl

+ ĤEHX. �2�

The first two terms of this Hamiltonian define the single-
particle energies of electrons and holes, respectively, while
the third and fourth terms account for the Coulomb interac-
tions among electrons and among holes, respectively. These
terms are scaled by the Coulomb scattering matrix elements,
which in the HO basis can be evaluated analytically. It is
convenient to express their values in terms of the fundamen-
tal element 	00�Vee�00�=V0

ee=
	�e. As the electric field
does not change the oscillator energy �e�h�, the interactions
among the carriers of the same kind do not depend upon F.
The fifth term in Hamiltonian �2� accounts for the direct
electron-hole interaction. Since the electric field separates
electrons from holes, the matrix elements of this interaction
depend upon the distance �x=x0

e −x0
h. Figure 1�c� shows the

dependence of the fundamental matrix elements V0
ee, V0

hh, and
V0

eh on the electric field.
The last term of Hamiltonian �2� represents the electron-

hole exchange interaction. Guided by the analysis of
Takagahara,33 we account for the fact that the wave functions
of the exciton and biexciton are built predominantly out of
the s-shell electron and hole orbitals. As a result, we expect
that the details of the fine structure of the exciton will be
only weakly sensitive to the asymmetry of the SAD. Follow-

ing Ref. 34, we approximate the exchange Hamiltonian ĤEHX
with an effective operator in which the electron-hole ex-
change interaction only acts on the spins of the electron and
the hole but do not redistribute carriers on single-particle
orbitals. The electron-hole exchange Hamiltonian is written
as

ĤEHX = �
ijkl

�
�1

e�2
e
�

�1
h�2

h

	i�1
e, j�1

h�VX�k�2
h,l�2

e�ci�1
e

+ hj�1
h

+ hk�2
hcl�2

e .

�3�

In our approximation we specify the elements
	i�1

e , j�1
h�VX�j�2

h , i�2
e� in the basis of spinors ��i�e , j�h�


= ��i↓ , j⇑� , �i↑ , j⇓� , �i↓ , j⇓� , �i↑ , j⇑�
. In this basis, the ma-
trix of Hamiltonian �3� involving the electron orbital i and
the hole orbital j takes the form

ĤEHX
�ij� =

1

2�
�0

�ij� �1
�ij� 0 0

�1
�ij� �0

�ij� 0 0

0 0 − �0
�ij� �2

�ij�

0 0 �2
�ij� − �0

�ij�
� . �4�

The exchange matrix elements �

ij are parametrized as

�

ij�F� = �


ij�F = 0�
� dxdy��i

e�x − x0
e,y��2�� j

h�x − x0
h,y��2

� dxdy��i
e�x,y��2�� j

h�x,y��2
.

The elements depend on the electric field through the elec-
tron and hole displacements x0

e and x0
h and are renormalized

by the zero-field integral appearing in the denominator. We
express �


ij�F� in terms of the fundamental elements �

00�F

=0� at zero electric field. These parameters were recently
estimated in high-resolution photoluminescence experiments
on excitons in InAs/GaAs SADs �Ref. 34� and found to be
�0

00=400 �eV, �1
00=180 �eV, and �2

00=90 �eV. Although
these parameters were found to depend on the size and ge-
ometry of the SAD, we take them as model constants setting
the correct energy scale of the electron-hole exchange inter-
actions. The dependence of these fundamental exchange pa-
rameters on the electric field is computed using the displaced
�00� electron and hole HO states as �0

00�F�=�0
00�F=0�exp�

−�xe−xh�2 /4�2�. A more detailed treatment of the electron-
hole exchange in the presence of the lateral electric field
based on atomistic calculations will be presented
elsewhere.35

C. Configurations and computational procedure

We look for the eigenenergies and eigenstates of the sys-
tem of Ne electrons and Nh holes in the configuration inter-
action approach. This procedure involves creating all pos-
sible configurations of the carriers on the single-particle
states, constructing the Hamiltonian matrix in the basis of
these configurations for each value of the electric field and
diagonalizing this matrix numerically. The computation is
carried out in two steps. First, we consider Hamiltonian �2�
without the electron-hole exchange term. This Hamiltonian
conserves the projections Sz

e and Sz
h of the total spin of elec-

trons and holes, respectively. This allows one to divide the
configurations into subspaces labeled by the same pair
�Sz

e ,Sz
h� and perform the exact diagonalization in each sub-

space separately. In constructing the many-particle configu-
rations we use the single-particle states of s, p, and d shells
�altogether six states� for both electrons and holes. In this
basis we can create, e.g., 36 configurations for an exciton,
1296 configurations for a biexciton with Sz

e=Sz
h=0, 225 con-

figurations for a biexciton with Sz
e=−1 and Sz

h= +3, and 8100
configurations for Ne=Nh=3, Sz

e=−1 /2 and Sz
h= +3 /2.

In the second step we account for the electron-hole ex-
change interaction in an approximate manner. Because of the
small energy scale for this interaction we build the matrix of

the Hamiltonian ĤEHX in the basis of degenerate many-body
eigenstates with the same value of total spin but all possible
spin projections.

D. Emission spectra

We calculate the emission spectrum I��� of the electron-
hole system using Fermi’s golden rule,

ENGINEERING PHOTON CASCADES FROM MULTIEXCITON… PHYSICAL REVIEW B 79, 035309 �2009�

035309-3



I��� = �
f

�	Ne,Nh,i�P̂−�Ne − 1,Nh − 1, f��2��Ei − Ef − �� .

�5�

The radiative recombination takes place from the initial state
�Ne ,Nh , i� of Ne electrons and Nh holes. The summation ex-
tends over all final states �Ne−1,Nh−1, f� of Ne−1 electrons
and Nh−1 holes. The energy of the emitted photon equals the
energy difference between the initial and final states. The
amplitude of the outgoing radiation is determined from the
dipole matrix element involving the interband polarization

operator P̂−. The form of this operator depends on whether
we include the above electron-hole exchange Hamiltonian in
our many-body calculations. If this term is not accounted for,

we take, e.g., P̂+
−=�ije	i � j�hci↓hj⇑ in order to remove a single

electron-hole pair from the system so that the outgoing pho-
ton is �+ polarized. An analogous operator P−

− describes the
emission of the �− photons. On the other hand, in the pres-
ence of the electron-hole exchange a more appropriate for-
malism involves horizontal and vertical polarizations so that

P̂H
− = 1


2
�ije	i � j�h�ci↓hj⇑+ci↑hj⇓�. In both cases each pair of

annihilation operators is scaled by the overlap e	mene �nhmh�h
of corresponding single-particle electron and hole HO func-
tions. For example, the overlap between the s-shell states is

e	00 �00�h=exp�−��x�2 /8�e
2�, while the overlap between the

s-shell electron and p-shell hole states is e	00 �01�h=0 and

e	00 �10�h= 1
2�e

�x exp�−��x�2 /8�e
2�. The dependence on the

electric field enters via �x=x0
e −x0

h so that as the electric field
grows, the first of these elements decreases monotonically,
while the last one increases and then decreases. In general, at
zero electric field the only nonzero overlaps are found be-
tween the states belonging to the same shells, while at finite
fields the nonzero overlaps can appear also between states
originating from different shells.

III. EXCITON-BIEXCITON CASCADE IN THE PRESENCE
OF THE LATERAL ELECTRIC FIELD

A. Exciton

Let us begin our discussion by summarizing the properties
of the single exciton in the presence of the lateral electric
field presented in detail elsewhere.30,31 The lowest-energy
configuration of the single exciton involves the two carriers
occupying the respective s shells. We can generate four such
configurations. One of them is �X ,a�=c00↓

+ h00⇑
+ �0�, and the

remaining three differ by the alignment of the electron and
hole spins. In the absence of the electron-hole exchange
these configurations have the same energy, EX,a=Ee�0,0�
+Eh�0,0�−V0

eh, which is a sum of the energies of the s-shell
electron and hole and their Coulomb attractions. We have
already shown in Fig. 1�b� that the single-particle energies
decrease quadratically with the electric field, introducing a
redshift of the energy of the outgoing photon. However, as
we have shown in Fig. 1�c�, the electron-hole attraction V0

eh

also decreases with the increase in the field, resulting in a
blueshift of the photon energy. This cancellation of the Stark
redshift by the decrease in the exciton binding energy leads

to a relatively weak dependence of the energy EX,a on the
electric field.30,31

The lowest-energy excitonic configuration is the dominant
component in the full exciton wave function computed in the
configuration-interaction procedure. The configuration mix-
ing effects lower the energy EX,a by the correlation correc-
tion �EX

c , but the dependence of the exciton ground-state
energy on the electric field remains qualitatively the same.

In order to account for the electron-hole exchange, we

diagonalize the Hamiltonian ĤEHX given by Eq. �4� in the
basis of the four s-shell exciton configurations. Based on the
selection rules described in Sec. II D, among the four result-
ing exciton eigenstates we find two optically active ones.
One of them, �XV�= 1


2
�c00↓

+ h00⇑
+ −c00↑

+ h00⇓
+ ��0�, with energy

EX�V�=EX,a+ ��0−�1� /2, is vertically polarized, while the
second state, �XH�= 1


2
�c00↓

+ h00⇑
+ +c00↑

+ h00⇓
+ ��0�, with energy

EX�H�=EX,a+ ��0+�1� /2, is horizontally polarized. The an-
isotropic exchange splitting between these two states, �AEX
=�1, decreases with the increase in the field as derived in
Sec. II B.

Note that our perturbative approach to the electron-hole
exchange does not reveal any correlation between the direc-
tion of SAD anisotropy leading to the exchange splitting and
the direction of the electric field. Results of more detailed
atomistic calculations, accounting for the shape asymmetry
and atomistic details of the SAD in relation with the field
direction, will be presented elsewhere.35

B. Biexciton

Let us now add the second electron-hole pair to the sys-
tem. The biexciton configuration with the lowest single-
particle energy, �XX ,a�=c00↑

+ c00↓
+ h00⇑

+ h00⇓
+ �0�, is formed when

all the carriers are placed on the s-shell orbital and form
spin-singlet pairs. This configuration is shown schematically
in the inset of Fig. 2�a�. The energy of this configuration,
EXX,a=2EX,a+V0

ee+V0
hh−2V0

eh, contains the energy of two
noninteracting excitons �X ,a�, the electron-electron and hole-
hole repulsions and twice the electron-hole attraction. If we
neglect the exciton-exciton interactions �the three last terms�,
the biexciton energy is simply twice the energy of the exci-
ton. In Fig. 2�a� we plot this energy as a function of the
electric field with the solid red line. If we were to switch off
only the electron-hole attraction �the last term in EXX,a�, the
biexciton energy EXX,a would be given by ELIM, shown in
Fig. 2�a� with the blue dashed line. In the presence of all
interaction terms and at zero electric field the attractive
electron-hole term cancels the two repulsive Coulomb terms
exactly, and the full energy EXX,a, plotted in Fig. 2�a� with
the solid blue line, is equal to 2EX,a. As the electric field
increases, the attractive term decreases, resulting in an in-
crease in the energy EXX,a, which now shifts closer to its
limiting value ELIM. This convergence is clear in Fig. 2�a� for
large values of the field. The complete biexciton energy EXX,
accounting for the configuration mixing in the exact diago-
nalization approach, is plotted in Fig. 2�a� with the black
line. It is lowered from the single-configuration energy EXX,a
by the biexciton correlation correction �EXX

c and shows a
very weak dependence on the electric field. Since this biex-
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citon state is an electron and hole singlet, its energy is not
renormalized by the electron-hole exchange.

C. Biexciton-exciton cascade

Figure 2�b� shows the emission spectra of the biexciton
and exciton as functions of the electric field. The exciton
emission peaks, shown in black, form a doublet split by the
anisotropic exchange �AEX. The positions of these peaks cor-
respond simply to the respective exciton energies EX�H� and
EX�V�.

The position of the biexciton emission peak corresponds
to the energy difference �XX=EXX−EX=EX,a+V0

ee+V0
hh

−2V0
eh− ��EXX

c −�EX
c �. We compare this energy to that of the

photon emitted by the exciton �X=EX,a−�EX
c . If we neglect

the correlation effects, the cancellation of the interaction
terms at zero field leads to the appearance of the exciton and
biexciton peaks at the same energy. With increasing electric
field, the photon emitted by the exciton redshifts while the
photon from the biexciton blueshifts following the decrease

in V0
eh and starts to redshift only when this element is suffi-

ciently small. When correlations in the exciton and biexciton
systems are included, the biexciton photon energy �XX is
lower than the exciton photon energy �X by the field-
dependent biexciton binding energy �XX. Hence, if the biex-
citon photon energy is reduced below the exciton photon
energy by the exciton-exciton interaction, there must be a
crossing of the exciton and biexciton emission lines for a
finite electric field, as shown in Fig. 2�b�.

In Fig. 2�b� the thickness of the lines corresponds to the
emission amplitude. We find that for both the exciton and the
biexciton this amplitude decreases with the increase in the
field. This is due to the renormalization of the optical selec-
tion rules, described in Sec. II D. In both cases the emission
involves a recombination of an s-shell electron with an
s-shell hole, and the overlap of these two single-particle or-
bitals decreases as the field increases.

Figure 3�a� shows the region of fields and energies close
to the crossing �indicated in Fig. 2�b� by the rectangle�. On
this energy scale it is possible to discern the electron-hole
exchange splitting in both the exciton and biexciton spectra.
Because of the singlet nature of the biexciton, its energy is
not renormalized by the electron-hole exchange, and the
splitting visible in the figure is due to two polarizations of
final-state excitons. The lower panel in Fig. 3 shows sche-
matic diagrams of the biexciton-exciton cascade before
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the X−XX crossing �the region within the black rectangle in Fig.
2�b��. Bottom panel: biexciton-exciton cascade for a small electric
field �A� and at the crossing of levels �B�. In the second case the
energies of the transitions denoted by parallel arrows are identical,
and polarization entanglement occurs.
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crossing �A� and at crossing �B�. Each radiative transition is
represented by an arrow whose color is matched to that of
the respective spectral line in Fig. 3�a�. We see that before
the removal of the biexciton binding energy the photon pairs
of the left and right cascades are different and can be distin-
guished. On the other hand, the two pairs of photons gener-
ated “on-resonance” cannot be energetically distinguished
and would be polarization entangled, assuming that phase
coherence is maintained within the emission process.36 In the
proposed scheme the two photons forming each pair are gen-
erated in sequence, with a small delay between the recombi-
nation processes. As a result, the pairs could be distinguished
by a simultaneous measurement of energy and arrival time at
the detector: in one cascade the low-energy photon arrives
first, while in the other one the high-energy photon arrives
first. However, the entanglement of the pairs can be restored
to some degree by introducing appropriate delays into the
optical path of each of the photons.37,38

IV. OTHER MULTIEXCITON COMPLEXES

A. Charged excitons

In order to observe the electric-field tuning of the biexci-
ton emission spectrum with respect to that of the exciton, it
is necessary to achieve a stable biexciton population in the
SAD. In practice, however, one may have to deal with other
excitonic complexes, both neutral and charged, which can
obscure the desired emission spectra.

Let us begin with the analysis of the positively charged
exciton X+ whose emission spectra as a function of the elec-
tric field are shown in Fig. 4�a�. Here we consider two pos-
sible configurations of the X+ complex. The lowest-energy
configuration, �X+S�=c00↓

+ h00⇑
+ h00⇓

+ �0�, is shown in the right-
hand diagram of Fig. 4�a�. It is a hole spin singlet and gives
the largest contribution into the full correlated ground state
of X+. Another configuration, shown in the two left-hand
diagrams, is a hole spin triplet �X+T�=c00↓

+ h01⇑
+ h00⇑

+ �0�. The
state in which this configuration is dominant is an excited
state of the X+ complex. However, provided that the spin-flip
relaxation of the hole to the ground singlet state is suffi-
ciently slow, such a state can be detected optically.

In Fig. 4�a� we plot the emission spectrum of the two
variants of X+: that of the X+S with the blue line and that of
the X+T with the brown lines, with the symbol sizes corre-
sponding to the emission amplitudes. The peak positions of
the exciton and biexciton are plotted with dashed lines for
reference. Note that the singlet X+ exhibits only one emission
line in the considered energy range: that corresponding to the
recombination of the s-shell electron and the s-shell hole, as
indicated in the top right-hand diagram. The optical signature
of the triplet X+, on the other hand, consists of two lines. One
of them, at lower energy, corresponds to the recombination
of the s-shell electron with the s-shell hole �bottom left-hand
diagram�. The other one, at higher energy, involves the
s-shell electron and the p-shell hole �top left-hand diagram�.
It acquires a sizable oscillator strength only at finite fields.
This is a consequence of the electric-field tuning of the di-
pole matrix elements discussed in Sec. II D.

As it can be seen in Fig. 4�a�, the emission maximum of
X+S behaves similarly to that of the biexciton, both in terms
of its position and amplitude. However, due to the singlet
configuration of the holes, the X+S complex does not exhibit
any anisotropic exchange splitting, which makes it possible
to distinguish between the two complexes. The two emission
lines of X+T exhibit the fine structure, but they can be readily
identified by their monotonic redshift as a function of the
field and by the fact that they appear simultaneously as a pair
of lines.

B. Triplet-triplet biexciton

If both electron and hole spin-flip relaxation processes are
sufficiently slow, it may be possible to observe the optical
signature of the triplet-triplet biexciton whose dominant con-
figuration, �XX−TT�=c01↓

+ c00↓
+ h01⇑

+ h00⇑
+ �0�, is shown schemati-

cally in the diagram in Fig. 4�b�. In the main panel of the
figure we show the emission spectra of such a complex as a
function of the field, with the exciton and biexciton spectra
shown with dashed lines for reference. We plot nine emission
lines corresponding to nine possible configurations of the
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FIG. 4. �Color online� Emission spectra of �a� the positively
charged exciton X+ in a singlet and triplet hole configurations and
�b� the triplet-triplet biexciton XX−TT as a function of the lateral
electric field. Sizes of the symbols correspond to the calculated
emission amplitudes, while the black and red dashed lines indicate
the positions of the exciton and biexciton peaks, respectively. Dia-
grams show the electron-hole configurations dominant in each of
the multiexciton states.
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final-state exciton on the three electron and three hole single-
particle levels. The spectrum is complicated, with the stron-
gest line appearing at highest energies, and corresponding to
the recombination of the p-shell electron and the p-shell
hole. The lowest line, on the other hand, corresponds to the
recombination of the s-shell exciton. The intermediate lines
correspond either to the “direct” recombination of particles
from the same orbitals �these lines have finite amplitude at
zero field� or to the s-p recombination events �these lines
become bright at finite fields�. As we can see, the optical
signature of XX−TT is very different from that of the
exciton-biexciton cascade.

C. Partially polarized biexciton and three-exciton complex

In Fig. 5 we compare the previously calculated emission
spectra from the exciton-biexciton cascade, from fully spin-
polarized biexciton XX−TT, and from the positively charged
exciton in singlet �X+S� and triplet �X+T� hole configurations
to the spectra of the partially spin-polarized biexciton
XX−ST and the three exciton complex XXX. We plot the
emission spectra at zero electric field �F=0, left-hand panel�
and after the biexciton-exciton crossing �F=2.2R /aB, right-
hand panel�. The corresponding dominant initial-state con-
figurations are also shown although the XX−SS state is com-
posed of 1296 configurations and the XXX state is composed
of 8100 configurations. As discussed before, at F=0 the ex-

change split exciton emission line is above the two biexciton
lines, while at F=2.2R /aB it is below them. The emission
lines of the other five excitonic complexes are found in a
similar spectral range, particularly at low fields. However,
the XX-X cascade can be identified unambiguously by ob-
serving their fine structure and evolution with the electric
field. As already discussed, the positively charged exciton in
the singlet state X+S �Fig. 5, third diagram from the top�
exhibits no exchange splitting of its emission lines. The re-
maining four complexes exhibit the fine structure �not shown
in Fig. 5 for clarity�. However, in the three-exciton complex
XXX and the triplet-triplet biexciton XX−TT �first and fourth
panels from the top, respectively�, we deal with electron-hole
pairs occupying the p shell, which results in the appearance
of an additional emission maximum, located at energies by
�3.7R higher than the s-shell features �not shown�. The re-
maining two systems, the charged exciton X+T in the triplet
state and the singlet-triplet biexciton XX−ST �second and
fifth panels from the top, respectively� can be identified by
observing the evolution of their emission spectra with the
field. At finite fields the optical selection rules permit the
radiative recombination of carriers, of which one occupies
the s shell, while the other occupies the p shell �such pro-
cesses are forbidden at zero field�. Since such pairs are found
in each of these complexes, their spectra at finite fields are
composed of two peaks, separated approximately by the
single-particle hole energy ��h.

V. CONCLUSION

In conclusion, using the effective-mass description of
single-particle electron and hole quantum-dot states and the
configuration-interaction treatment of the multiexciton sys-
tem, we have predicted the effective Stark shift of the pho-
tons obtained in the exciton and biexciton cascade in a lateral
electric field. We have shown that this shift is a result of the
interplay between the redshift of the single-particle states and
the blueshifting component arising as a result of the decrease
in the electron-hole attraction as the charges are being sepa-
rated by the field. The correlation effect is stronger for the
biexciton and results in a net blueshift of the photons due to
biexciton recombination. As a result, at a finite electric field
the photon emitted in exciton recombination has the same
energy as that emitted in biexciton recombination. With the
electron-hole exchange effects treated perturbatively we
show that the anisotropic exchange splitting of the energies
of photons due to exciton and biexciton decreases with the
increase in the field but remains finite at the degeneracy
point. However, the vertically polarized photon emitted by
the biexciton is degenerate with the horizontally polarized
photon emitted by the exciton at the same field as is the other
pair of photons emitted with opposite polarizations. In con-
sequence, the biexciton-exciton cascade composed of two
vertically polarized photons cannot be energetically distin-
guished from the cascade with opposite polarizations,
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FIG. 5. �Color online� Emission spectra of neutral and charged
excitonic complexes. From bottom to top: the single exciton X, the
singlet-singlet biexciton XX−SS, the singlet-triplet biexciton XX
−ST with spin-polarized holes, the triplet-triplet biexciton XX−TT,
the positively charged exciton in the hole singlet X+S and hole
triplet X+T configurations, and the triple exciton XXX. Dominant
configurations of each complex are shown schematically in dia-
grams. Panels �a� and �b� show the spectra at F=0 and F
=2.2R /aB, respectively. Height of the bars is proportional to the
calculated emission amplitude.
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making it possible to generate polarization-entangled photon
pairs.

We have compared the exciton and biexciton emission
spectra in the electric field with those of other multiexciton
complexes likely to form in the SAD at low excitation pow-
ers. We found that the XX-X cascade exhibits a unique sig-
nature of the effective Stark shift and anisotropic exchange
splitting, which allows us to distinguish it from other cas-
cades. These properties of the XX-X cascade allow us to
generate polarization-entangled photon pairs in non-

circularly symmetric dots even in the presence of the noise
due to other carriers.
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